Using a space tether system attached to the Moon's surface can in principle lead to energy harvesting from the mechanical damping of the tether as it experiences elongational motion due to time-varying tidal forces. It is shown that such a tether system can in principle provide electricity generation for lunar infrastructure, although the power generated is modest relative to the scale of engineering required. First, the dynamics of the coupled planar elongation and librational motion is established for a massless, elastic and damped tether with a large tipmass in the frame of the elliptic Earth-moon restricted three-body (EEMRTB) system. Equilibria at the natural L 2 point are obtained as reference positions to perform the analysis. The method of multiple scales is then used to obtain the steady state amplitude-frequency response by ordering key variables and parameters appropriately. The steady-state power output determined by the elasticity, length and damping of the tether is presented. Specific resonances for peaks of power output, together with corresponding resonance regions, are also investigated along with suggestions for tradeoffs among the key system parameters. Finally, the optimal damping for maximum power output is determined, together with the corresponding natural length and elasticity of the tether.
Introduction
Energy harvesting from the environment is a research topic of significant contemporary 2 interest [1] [2] [3] with intensive research on the harvesting of mechanical energy from ambient 3 vibrations [4, 5] . This paper will present a novel energy harvesting strategy using a damped 4 space tether connected to an end mass and the surface of the Moon. As the tether is forced by 5 time-varying tidal forces due to the eccentricity of the lunar orbit, a damping device at the base 6 of the tether generates power which can be tapped to provide a source of electrical energy. 7 Physically, energy will be extracted from the Moon's orbital motion (as is the case for terrestrial 8 tides), however this is not apparent in the analysis provided since only the restricted three-body 9 problem is considered where the lunar orbit is fixed. The strategy therefore provides a new 10 approach to generating electrical energy for future human lunar activities, and can also by 11 synergistic with other lunar tether applications for payload transport. 12 One can find comprehensive and detailed reviews of space tether systems in [6] , covering 13 momentum exchange and electrodynamic tethers, where the main focus is on propulsion and 14 power generation from tethered space platforms. Energy and power can be generated by 15 exploiting the ambient environment such as the local magnetic field using electrodynamic tethers 16 [7], which have also been proposed to be used as a propulsion method for space debris de- 17 orbiting [8] . The design, using numerical and experimental analysis, of momentum exchange 18 tethers was performed in [9] [10] [11] [12] . The method of multiple scales was also used for determining 19 approximate analytical solutions to tether dynamics with weak nonlinearity [10] . Tether design 20 and laboratory experiments were performed for scale models in [11] . The motorised momentum 21 exchange tether (MMET) has also been proposed to transport payloads between the Earth and 22 Moon [11] [12] . 23 Energy and power generation at the Moon is an imperative once large-scale human lunar 24 activity is underway. The dynamics of tethered systems attached to the Moon's surface have 25 been studied in the framework of the restricted three-body problem in [13] [14] . In-plane and out- 26 of-plane librations, rather than elastic elongational motion, were investigated and were controlled 27 by adjusting the rigid tether's length in [13] [14] . Concerning nonlinear approximations for the 28 analysis of tethered systems, the method of multiple scales was used to provide analytical 29 solutions for the in-plane libration and pitch motion of a main [15] and sub-satellite respectively 30 [16]. Nonlinear internal resonance was also addressed. For a space tether energy harvesting 31 system, it is expected that one may enhance the energy harvesting process by designing the 32 harvester with such internal resonances. 33 One can refer to [17] to understand how nonlinearities in mechanical energy harvesting 34 systems affect the performance of the harvesters. Specifically, the bandwidth of the nonlinear 35 energy harvester can be wider than for linear systems. 36 The effect of internal resonance on harvesting vibrational energy with a broad bandwidth has 37 been investigated for a 2-degree of freedom dynamical system [18] . The performance of this 38 nonlinear harvester was verified analytically using both the method of multiple scales and . 52 One can also design mechanical systems with bi-stable or multi-stable equilibria to enhance 53 energy harvesting [24] [25] . The large displacements obtained, and thus enhanced power 54 generation, is dramatically increased utilizing snap-through features of bi-stable systems. Bi-55 stable buckled beams have been adopted as a component of harvesters [26] [27] . It was also 56 clarified and verified that bistable buckled beams can harvest vibrational energy within a much 57 wider frequency band and that the power output was also larger than for monostable beams. 58 This paper proposes the use of a long taut tether attached to the Moon's surface to harvest 59 energy from the damped elongational motion of the massless tether. The external excitation of 60 the tether system arises from time-varying gravitational tides, specifically from the small but 61 finite eccentricity of the orbit of the Earth-Moon system. Rayleigh dissipation of the elongation 62 oscillations of the tether due to a damper as its base will then be used to generate power and the 63 key parameters of the system (e.g. natural length, elasticity and damping coefficient) will be 64 selected based on nonlinear resonance analysis. The paper presents an interesting new approach 65 to generate lunar energy that merely utilizes the time-varying tidal forces due to the elliptical 66 orbit of the Earth-Moon system; but again the power generated is modest relative to the scale of 67 engineering required. It is noted that there exists an extensive literature concerning the dynamics 68 and control of space tether systems and nonlinear dynamical analysis of energy harvesters. 69 However, the nonlinear dynamical analysis of a long elastic space tether system for application 70 to energy harvesting has not been addressed to the author's knowledge. The paper will focus on 71 this problem and perform a nonlinear analysis, as discussed. 72 The organization of the paper is as follows. In Section 2, the detailed configuration of the 73 space tether system and related reference frames are presented. Then, the dynamics of the space 74 tether system is detailed in Section 3, with planar elastic elongation and in-plane libration. 75 Equilibria within the elliptic Earth-Moon restricted three-body (EEMRTB) system are then 76 investigated as reference states to facilitate the analysis. In Section 4 the method of multiple 77 scales is used to provide approximate analytical solutions to the problem. In Section 5, the power 78 output of the system is determined by the natural length, elasticity and base damping coefficient 79 of the space tether which is presented and discussed. In addition, the largest steady-state tension 80 and strain within the tether system are also calculated as a key consideration for designing the 81 tether-based energy harvester. Moreover, the optimal damping for maximizing power output is 82 determined, together with the corresponding natural length and elastic coefficient. In Section 6, 83 conclusions are presented based on an analysis of the results presented in the preceding sections 84 and the future work is also proposed. be selected to ensure that the tether system is taut, and in libration, rather slack or in rotation at 90 all times. It can be noted that one should select the natural length of the tether larger than the 91 distance between the Moon and the natural L 2/1 point, and a comparatively large damping 92 coefficient should be adopted, to ensure that the tether is taut during operations. One should also 93 check whether the tether is always taut using numerical methods. 
where a is the orbit semi-major axis and e is the eccentricity. The subscript r represents 124 components in . It is evident that r is time-varying as e is nonzero. This is the cause of 125 gravitational tidal forcing. It can be seen that r (also the subsequent position vectors) is two-126 dimensional as planar dynamics will be considered in this paper. 127 The position of S relative to c denoted as is defined as follows by referring to Fig. 1 .
where is the pitch angle of the tether, measured from to and ≈ 1/81.3 is mass ratio of 129 the Moon to the Earth-Moon system, expressed as /( + ), where and are the 130 masses of the Moon and Earth respectively. We denote 1 = 1 − as the mass ratio of the Earth. 131 The velocity of S is denoted as and is as follows. The kinetic energy of S is denoted as and is defined as
where m is the mass of S, adopted as 5 × 10 5 kg in this paper. 137 One can then calculate the gravitational energy and elastic energy of the system as 138
where and are gravitational constants of the Moon and Earth respectively and and 0 are 139 the elastic coefficient and natural length of the tether. In this paper, − 0 is always assumed to 140 be non-negative to ensure that the tether is taut, so that the tether is always in tension.
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The Rayleigh dissipation function Ψ for the tether's elongational motion is as follows.
142
where is the damping coefficient and so Ψ is the power harvested during the forced motion. 143 Again, it will be assumed that, for example, an array of piezoelectric elements close to the base 144 of the tether at the lunar surface can be used to dampen the elongational forcing of the tether and 153
One can analyze each term in the preceding two equations, e.g. the second and third terms of 
In the preceding equations, = / is the dimensionless length of the tether and so 0 = . It 167 can be seen that the dimensionless natural length of the tether 0 is time-varying as the time- 168 varying instantaneous distance r is used as the unit of length but l 0 is a time-invariant 169 dimensional natural length. Some definitions are introduced to simplify these expressions such as 170 = √ / , = /(2 ) , = √ / 3 and = / . It is evident that is the 171 natural frequency of the tether system, similar to a mass-spring system. Moreover, is the 172 damping ratio, is related to the mean angular rate of the Earth-Moon system, is a 173 dimensionless angular rate used to describe the elasticity of the tether and is the semi-latus 174 rectum which can be expressed as = (1 − 2 ). The prime now represents a derivative with 175 respect to θ and = + is the summation of and . 176 The equations can be simplified as follows by taking as small (neglect O( 2 ) terms) and θ 177 related terms as excitations so that.
178 One can calculate the five natural Lagrange points by taking = 0 in the preceding two 182 equations. These Lagrange points are shown in Fig. 2 . It is well known that the collinear Lagrange points L 1, 2, 3 and the triangle Lagrange points L 4, 5 186 as shown in Fig. 2 , are unstable and stable respectively. 187 In principle, one will prefer to operate the tether system at the far side (i.e., the L 2 side) of the 188 Moon as the largest elongated length of the tether can in principle be greater than the Earth-189 Moon distance, compared to a tether system operating on L 1 side of the Moon. In this paper, the 190 collinear equilibrium point at L 2 is of interest and therefore α=0. Therefore one can arrive at the 191 following equilibrium condition whereby. where is the equilibrium at the L 2 side of the Moon, determined by and along with 1 and 193 . Then, can be numerically determined as long as and are defined for a tether system 194 within the Earth-Moon system. Morover, can be further written as with = (1 − 2 ) and 195 ≈ 6.485 × 10 7 m representing the semi-latus rectum and distance from the Moon to the 196 natural L 2 point respectively (see Fig. 1 ). In this paper, the natural length of the tether 0 is 197 expressed as and is then introduced to describe 0 , where n=1 corresponds to the tether tip 198 mass located at L 2 . The relationship between , and n is shown in Fig. 3 (a) considering the discussion below Eq. (11). Therefore, the relationships between the dimensional 211 and non-dimensional physical variables can be found from Fig. 3(a) . 212 To perform a perturbation analysis for the nonlinear coupled dynamics with weak nonlinearity, 213 one should introduce small but finite variables in Eqs. (12, 13) instead of and α if necessary. In 214 particular, a small but finite quantity = / = ( − )/ is introduced as the fractional 215 elongation of the tether in this paper. It is also assumed that α is a small but finite quantity. One 216 can take x and α as two new independent variables. The following coupled nonlinear governing 217 equations can then be obtained by substituting , ′ and ′′ into Eqs. (12-13) and by taking 218 , ′ , , ′ and e as small quantities and neglecting the higher order terms so that. One can see that all coefficients 2 , 2 , (1, ⋯ ,4) ( = 1, 2) are determined by 221 in Eq. (19) . This indicates that the natural length and elasticity of the tether will 222 strongly influence the dynamics of the tether system within the Earth-Moon system. 223 An approximate analytical analysis of Eqs. (17, 18) will now be performed and the method of Now that the underlying dynamics have been detailed the approximate analytic solution to the 229 problem will be sought using the method of multiple scales. 230 4. Nonlinear analysis 231 One now assumes that the solutions to Eqs. (20, 21) can be expressed as follows.
232
( , ) = 0 ( 0 , 1 ) + 1 ( 0 , 1 ) + ⋯ ( ), ( , ) = 0 ( 0 , 1 ) + 1 ( 0 , 1 ) + ⋯ ( ) (22) and the related derivatives are therefore given by Fig. 3(b) . 243 We now illustrate how Γ and Θ vary with and n in Fig. 3(b) . In this paper, we select η 244 larger than 1 to ensure that the space tether is in tension at all times for successful operations. On 245 the contrary, the tether will lose tension and rotate when η is small. The solutions to Eq. (25) can 246 then be presented as follows. as the single-frequency external force is a function of i (where the frequency is unity). 255 We substitute the steady part of 0 and 0 into the second-order equations, i.e., Eq. (26), to 256 obtain particular solutions without damped, transient solution as follows. where the constants Ξ 1,…,4 are defined as 258
One can arrive at the particular solutions to Eq. (29) as follows.
where Ζ 1 , Ζ 2 , Ζ 3 and Ζ 4 are given as The expression for dl/dt is then written as
Finally, one can write the approximate analytical solution to power output as follows.
266
One should note that the perturbation method (multiscale analysis) is valid and accurate for 267 dynamics with weak nonlinearity, i.e., the nonlinear terms in Eqs. (17, 18) should be small 268 compared to the linear terms. Otherwise, the perturbation method will be inaccurate. 269
Results

270
There are three important parameters for the tether system, i.e., n, and η. Analytical and 271 numerical results will therefore be presented for various sets of n, and η to explore the 272 parameter space of the problem. It is known that the frequency of the damped system is 273 determined by n, and η, while the frequency of the external forcing is simply unity (1) in this 274 paper. Therefore, one should select n, and η to make the frequency of the damped system of 275 order unity to utilize the resonance of the forced tether system to generate power, again through 276 the simple Rayleigh dissipation model. First, n∈[1.1, 2] , ∈[1.1, 2.5] and η∈ [2, 4] are 277 selected to illustrate the performance of the lunar tether based energy harvester. Next, the 278 parameter range η will be expanded from for η∈ [2, 4] to η∈ [2, 7] to explore the optimal 279 damping with largest power output. One can expect the maximisation of power output from the 280 harvesting mechanism when the parameters (n, and η) of the nonlinear harvester are selected 281 to design the system to be within the resonant region of the parameter space. All numerical 282 values used are summarized in Table. 1.
283 good performance, as can be seen from Fig. 4(b.1 ) since the power output will be maximum as 319 the system is resonant. Moreover, the power output is insensitive to n and near n=2 and ≈2. 320 Again, the harvester has strong robustness to n and . Some issues will arise when an over-long 321 tether is used. One problem is that the cost will increase and the elastic tension within the tether 322 will also increase (one can see this by observing the results in Fig. 6(a) ). Moreover, perturbations 323 by solar gravity will become significant. 324 Again, λ 1I is the imaginary part of the root of the characteristic equations of Eq. (25), and also 325 the frequency of the damped oscillations as presented in Eq. (28). It is known that the system 326 may be near resonance region when the frequency of the external load is near the damped 327 frequency λ 1I . However, this is merely accurate for predicting the resonance region of linear 328 dynamical systems and so there will exist deviations for predicting resonance regions of 329 nonlinear dynamical systems. To show and clarify this, some analysis will be presented as 330 follows. 331 Next, the points of peak power output obtained both numerically and analytically with η=4 332 and 2 are shown in Fig. 5(a) . Figs. 5(b-d) show the peak points along each parameter set 333 individually to explore how the peak power points vary with and . It can be seen that the peak values for η=2 are smaller than those for η=4. Therefore, η=4 is 338 adopted as an example of design of the tether system. Moreover, all peak points curves increase 339 monotonically with n and as shown in Fig. 5(c-d) . tether, not only because the broad resonance region will ensure robustness as discussed 346 previously, but also due to the increased power output. It is also found that λ I1 =1 (for both η=4 347 and 2) is near the peak points (for both analytical and numerical results) when the natural length 348 and elasticity are small, as shown in Fig. 5(b) . However, deviations will appear when the natural 349 length and elasticity become larger. One can find the peak points roughly near λ I1 =1 and this 350 provides an estimation to locate resonance peak points for preliminary analysis, although the 351 deviations become evident when both the natural length and elasticity become large. 352 Next, the largest steady-state tension and elastic strain within the tether system are presented 353 in Fig. 6 , again shown together with the boundaries of the resonance region (red lines) and peak 354 power curves (black lines) using numerical method as given in Fig. 6(a.1, b.1) . 355 356 Fig. 6 (a, a.1) The largest steady tensions and (b, b.1) elastic strains within the space tether. 357 One can see that the largest steady-state tensions within the tether decrease and increase with 358 and n from Fig. 6(a, a.1) respectively. Therefore, the smallest and largest tensions, . It 366 appears that the tension reduction is not significant when we select n=2 and =2.5 (tension is 367 1676 N) instead of n=2 and =1.963 (tension is 1996 N). 368 Furthermore, it also appears that the strain decreases with both n and from Fig. 6(b.1) . In 369 fact, it increases with n when is large (e.g., when =2.5), however, it appears that the strain is 370 insensitive to changes in n and when is large (the right half of Fig. 6(b.1) ). This implies that 371 one can design an energy harvester with a high power output at the cost of increasing the tether 372 strain. The strain approaches 1.119 at the largest power out (approximately 19.63 kW) when n=2, 373 =1.963. If we select n=2, =2.5, the power output decreases to be 18.37 kW and the strain 374 becomes 0.5806. This means that we may decrease the strain significantly at the expense of 375 harvesting at somewhat lower power, which seems attractive. Therefore, one should make a 376 compromise when designing the space tether system. 377 It has been clarified that the power output is determined by n, and η, i.e., the dimensionless 378 natural length, elasticity and damping of the tether. One can imagine that there exists an optimal 379 dimensionless damping η with certain values for n ∈ Fig. 7(a, b, c, d , e and f) for η=4.5, 5, 5.5, 6, 6.5 and 7 respectively. 384 Fig. 7 (a-f) . Power output based on the numerical method for η=4.5, 5, 5.5, 6, 6.5 and 7 respectively, the red 386 diamonds correspond to the largest value 387
One can find the largest power output for each η, together with the corresponding and n. 388 Similarly, one can also define resonance regions in each figure. It is advisable to select n and 389 to ensure the space tether based energy harvester has some robustness. One could select n and 390 at each diamond to make the power output maximum as long as the parameters can be kept fixed, 391 without considering the robustness issue. If this is the case, one could summarize the largest 392 power outputs and the corresponding natural length, elasticity and damping in the preceding 393 figure in Table. 2. Similarly, one can utilize the same procedure to perform the non-dimensionalisation for the 448 remaining terms in Eqs. (8, 9) . 449 
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